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fm. , Abstract 

C I In this letter, a definition of the higher dimensional Lax pair for a lower dimensional system 

which may be a chaotic system is given. A special concrete (2+l)-dimensional Lax pair for a 
general (l+l)-dimensional three order autonomous partial differential equation is studied. The 
^..^ , result shows that any (l+l)-dimensional three order semi-linear autonomous system (no matter 

OO ■ it is integrable or not) possesses infinitely many (2+l)-dimensional Lax pairs. Especially, every 

CN ■ 

f^ . solution of the KdV equation and the Harry-Dym equation with their space variable being 

r_^ . replaced by the field variable can be used to obtain a (2+l)-dimensional Lax pair of any three 

order (l+l)-dimensional semi-linear equation. 



In the nonlinear mathematical physics, if an (n-l-l)-dimensional nonlinear system can be consid- 
ered as a consistent condition of an (n-l-l)-dimensional linear system, then many types of interesting 
properties of the nonlinear system can be obtained by analyzing the linear system. The linear sys- 



X 

5-H ' tem is called as the Lax pair of the original nonlinear system 



In this letter, we use the concept of the Lax pair under a more general meaning. If the compatible 
condition 

[Li, L2]^ = (L1L2 - LsLOV- = 0, (1) 

of a pair of linear equations 

Li(xi,X2,...,a;„,t,u(xi,X2,...,Xm,f))?/^(xi,X2,...,Xn,t) = LiTp = 0, (2) 

L2{xi,X2, ■.■,Xn-,t,u{xi,X2, .■.,Xm,t))lp{xi,X2., .■.,Xn,t) = L21P = 0, m < n, (3) 
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is only a V'-independent nonlinear equation of u{xi, X2, ...,Xm,t) = u 

F{u) = 0, (4) 

then we call the system (2) and (3) the (n+l)-diniensional Lax pair of the (ni+l)-dimensional 
nonlinear equation (4) (or equivalently (1)). 

To find some nontrivial examples, we restrict ourselves to discussion the case for 

Li = —— Fy{t, y, u,Ux), u = u{x,t) (5) 

d d^ d 

L2 = -Q- + -^ - G{t, y, u, Ux, u^x)-^, (6) 

where F = F{t, y, u,Ux), G = G{t, y, u, Ux, ,Uxx) should be selected appropriately such that 
Eq. (1) is only a (l+l)-dimensional partial differential equation of u. For the notation simplicity 
later, the undetermined function in the equation (5) is written as a partial derivative form. 
In the next step we try to find some autonomous evolution models 

^i — -"OV^j ^X) Uxxi Uxxxj Uxxxxj •••) J {' ) 

which are given by the compatibility conditions of (2) and (3) with (5) and (6) 

Ipxyt = Iptxy (8) 

or equivalently (1) with (5) and (6). 

Using the relations (5), (6) and (7), the compatibility condition (8) has the following form 

Wi{t,y,u,Ux, .■.)tp + W2{t,y,u,Ux, .■.)'>px + {^Fu^Uxx - G + 3FuUx)yipxx = 0, (9) 

where Wi{t,y,u,Ux, ■■■) = Wi and W2{t,y,u,Ux, ■■■) = W2 are two complicated functions of the 
indicated variables and F^^ and F^ denotes the partial derivatives of F with respect to Ux and u. 
The ^-independent condition of (8) requires that three terms of (9) should all be zero. Vanishing 
the last term of (9) yields 

G = SFu^Uxx + 3FuUx + Go{t, U, Ux,Uxx), (10) 

where Go{t, u, Ux,Uxx) is a y-independent arbitrary function of the indicated variables. Substituting 
(10) into (9), we find that W2 becomes zero identically while Wi = is simplified to 

Wn{t,y,u,Ux,...,Uk,x) + Fyu^Houk,^Uk+i,x = 0, k > 3, (11) 

where u^^x denotes the kth. order derivative of u with respect to x, k is the highest derivative order 
of u included in Hq{u, Ux, Uxx, Uxxx, Uxxxxi ■■■, ) = ^0 and Wu is uk x{K > A; + 1) independent 



complicated function. Because (11) should be true for the general solution u of (7), two terms of 
(11) should all be zero. For Fy^^ ^ 0, vanishing second term of (11), we have the result that H is 
Uk^x independent for k > 4. 

For k = 3, (8) with (10) has the form 

Wii{t, y, U, Ux,Uxx, Uxxx) + Fyu^{Hou^^^ + l)Uxxxx = 0. (12) 

Vanishing the second term of (12) yields the result that the only possible form of Hq can be written 
as 

Hq = -Uxxx + H{u, Ux, Uxx) (13) 

for Fyu^ ^ 0. Substituting (13) back to (12) yields 

Wi2{t, y, u, Ux,Uxx) + {Fyu^Hu^^ - SFyFu^ + SFyuu^Ux + 3Fyu^u^Uxx - FyGou^Juxxx = 0. (14) 

Because Wi2(t,y,u,Ux,Uxx) is Uxxx independent, the second term of (14) should be also zero. 
Vanishing the coefficients of Uxxx of (14) and partial integrating once with respect to Uxx we obtain 

3 

2^yu^u^ulx + ^{Fyuu^Ux - FyFuJuxx - FyGo + Fyu^H + Fi{t, y, u, Ux) = 0, (15) 

where Fi{t,y,u,Ux) = Fi is an integrating function. Because F and Fi in (15) are y-dependent 
while all other functions in (15) are all y-independent, we can conclude that the only possible 
solution of (15) has the form 
3 

Go = -T2{t,U,Ux)ul^ +T3{t,U,Ux)Uxx +Ti(t,U,Ux)H + T4{t,U,Ux), (16) 

for general H with 

Fyu^ = FyTi{t, u, Ux), (17) 

Fyu^u^= FyT2{t,U,Ux), (18) 

^iFyuu^Ux - FyFuJ = FyT3{t,u,Ux), (19) 

Fi{t,y,u,Ux) = FyT4{t,u,Ux), (20) 

and Ti{t,u,Ux), T2{t,u,Ux), T3{t,u,Ux) and T4(t,u,Ux) being four unknown functions which will 
be determined later. 

According to the compatibility condition F^u^ = F^^u and the fact that F is the only y- 
dependent function, we can obtain the unique possible solution of (17)-(19): 

Ti{t,u,Ux) =u~^, (21) 



T2{t,u,u,,)=0, (22) 

r3(i, u, Ux) = -3Gi„^ (t, u, Ucc), (23) 

F = Gi{t,u,Ux)+UxFo{t,y,u), (24) 

Fou{t,y,u) = -Fo{t,y,uf + r5{t,u), (25) 

where Gi(t, u, u^:) is an arbitrary function of {t, u, u^} and T^(t, u) is an arbitrary function of {t, u}. 
Using the relations (16), (21)-(25), Eq. (12) is simphfied to 

°*V' ' N - i'^ulV^it, u) + r4(t, u, Ux)ux + 3G'i„(t, u, Ux)ul]FQ{t, y, u) 
Foy{t,y,u) 

-n^a;[3u^(2r5(t,u) +Giuu^{t,U,Ux)) +r4u^{t,U,Ua:) + 6Gi„(t, U, U^) +U~'^T4{t,U,Ua:)] 
-Ux^4u{t, U, Ua:) - 2u^r5„ - 3u^Gi„„(t, U, U^) = 0. (26) 

Because FQ{t,y,u) is y-dependent, and other functions in (26) are y and Uxx independent, (26) is 
true only for 

Foty{t,y,u) = Foy{t,y,u){TQ{t,u)Fo{t,y,u) +Tj{t,u)), (27) 

3Ux{2T5{t,u) +GiuuAt,U,Ux)) +r4„^(t, M, Ua;) + QGiu{t,U,Ux) + U~^T4^{t,U,Ux) = 0, (28) 

r7(t, u) - UxT^uit, u, Ux) - ^ulV^u - 3ulGiuu{t, u, Ux) = 0, (29) 

2ulT5{t, u) + r4(t, u, Ux)ux + 3Giu(t, u, Ux)ul. - TQ{t, u) = 0, (30) 

where r6(t, u) and r7(t, u) are arbitrary functions of {t, u}. The general solution of (28)-(30) reads 

r4(t, u, Ux) = -3uxGiuit, u, Ux) - 2ulT5{t, u) + u^^T(i{t, u), (31) 

T7{t,u) = Teu{t,u). (32) 

Integrating (27) once with respect to y leads to 

Fot(t,y,u) = -TQ{t,u)Fo{t,y,u)'^ + TQuit,u)Fo{t,y,u) + Tsit,u), (33) 

where Ts{t,u) is a further integrating function. Because one function, i<o(t,y, u), should satisfy 
two equations (25) and (33), the compatibility condition Fm = Fut yields the constraints 

r8(t,w) = TQ{t,u)Tr^{t,u) +TQuu{t,u), (34) 

and 

r5t(t, u) = T(iuuu{t, u) + Tii{t, u)T^u{t, u) + 2r5(t, u)TQu{t, u). (35) 

Finally, we write down the obtained results here. A (l+l)-diniensional three order equation 

Ut = -Uxxx + H{u, Ux , Uxx) (36) 



with an arbitrary nonlinear interaction term H{u,Ux,Uxx) possesses a (2+l)-diinensional Lax pair 

il^xy - u^Foyit, y, u)ip = 0, (37) 

tpt + tpxxx - [3-Fo(i, y, u)uxx + 3ulFou{t, y, u) + Hi{t, u, Ux,Uxx)]tpx = 0, (38) 



where 



Hi{t,u,Ux,Uxx) =Ux^{H{u,Ux,Uxx) +TG{t,u)) -2u^r5(i,u). (39) 



In the Lax pair equations (37) and (38), the function FQ{t,y,u) = Fq is determined by a pair 
of the consistent Riccati equations 

Fot{t,y,u) = -TQ{t,u)Fo{t,y,uf + Teu{t,u)Fo{t,y,u) +TQ{t,u)T5{t,u) +r6u„, (40) 
Fou{t,y,u) = -Fo{t,y,uf + rr,{t,u) (41) 

while the consistent condition of (40) and (41) gives the constraint equation (35) for the functions 
rg(t,u) and T^{t,u). 

It is known that for the usual Lax pair of a given nonlinear model, there may be infinitely many 
Lax pairsQ. The similar situation appears for the extended higher dimensional Lax pairs. For 
instance, for the given evolution system (36), the arbitrariness in the selections of the functions 
r5(f , u) and r6(t, u) and the solutions of Fq^I, y, u) means that the evolution equation (36) possesses 
infinitely many different kinds of Lax pairs. To give out some more concrete results, we may fix 
the functions TQ{t,u) and T^^tju). The first interesting selection is 

Teit,u)=T5{t,u). (42) 

Under the selection (42), (36) becomes the well known Korteweg de-Vries (KdV) equation 

Fst (t, u) = r^uuu (t, u) + 3r5 (i, u)r5„ (t, u) . (43) 

with the independent variables {t, u} and the linearized system of (40) and (41) by using the Cole- 
Hopf transformation is just the Lax pair of the KdV equation (after neglecting the variable y in 
(40) and (41)). Now substituting every known special solution of the KdV equation and the related 
solution of the psudopotential Fq of (40) and (41) into (37) and (38), we get a concrete Lax pair of 
the system (36) . The simplest trivial solution of the KdV equation is 

r5(t,n) = r6(t,u) = o, (44) 

and the related solution of (40) and (41) reads 

Fo(t,y,n) = -^, (45) 



where q{y) is an arbitrary function of y. 
The second interesting selection is 

Te{t,u) = T-'/\t,u). (46) 

In this case, (36) becomes the well known Harry-Dym (HD) equation 

r5t{t,u) = [r-^/\t,u)Uu. (47) 

with the independent variables {t, u} and the linearized system of (40) and (41) is the Lax pair 
of the HD equation. That means substituting every known special solution of the HD equation 
and the related solution of the psudopotential Fq of (40) and (41) into (37) and (38) will yield a 
concrete Lax pair of the semi-linear system (36). 

Generally, the evolution equation (36) is nonintegrable under the traditional meanings. In 
Ref. 1^, the authors had claimed that there exist only six nonequivalent three order semi- linear 
integrable models under the usual meanings. In other words, the evolution equation (36) is chaotic 
or turbulent for most of the selections of H. The results of this letter show us that no matter of 
the model (36) is integrable or not, it may have infinitely many (2-|-l)-dimensional Lax pairs. A 
simple special nonintegrable example of (36) is the so-called KdV-Burgers (KdVB) equationj^, 

Ut + UUx - VU^x + Uxxx = 0. (48) 

The KdVB is one of the possible candidate to describe the turbulence phenomena in fluid physics 
and plasma physicspl 0]. Though one has not yet find any (l-l-l)-dimensional Lax pair of the 
turbulence system KdVB equation, we can do find many types of (2-|-l)-dimensional Lax pairs. 
Especially, every solution of the KdV equation and the HD equation can be used to form a (2-|-l)- 
dimensional Lax pair of the KdVB equation. 

In summary, a lower dimensional nonlinear system may have some (perhaps infinitely many) 
types of higher dimensional Lax pairs. In terms of a special example we show that any three order 
semi-linear equation (no mater it is integrable or not) possesses infinitely many Lax pairs. The 
next interesting important problem should be studied in the future work may be: What kinds 
of information about lower dimensional systems especially the lower dimensional turbulent and 
chaotic systems can be obtained from some types of special higher dimensional Lax pairs? 

The work was supported by the Outstanding Youth Foundation and the National Natural 
Science Foundation of China (Grant. No. 19925522), the Research Fund for the Doctoral Program 
of Higher Education of China (Grant. No. 2000024832) and the Natural Science Foundation 
of Zhejiang Province, China. The author is in debt to thanks the helpful discussions with the 

6 



professors Q. P. Liu, G-x Huang and C-p Sun and the Drs. X-y Tang, S-1 Zhang, C-1 Chen and B. 
Wu. 



References 

[1] M. J. Ablowitz and P. A. Clarkson, Solitons Nonlinear Evolution Equations and Inverse Scat- 
tering, London Mathematical Society Lecture Note Series 149 (1991 Cambridge University 
Press). 

[2] S-Lou and X-b Hu, J. Math. Phys. 38(1997)6401. 

[3] S. L Svinolupov, V. V. Sokolov, and R. L Yamilov, Sov. Math. Dokl., 28 (1983) 165; S. I. 
Svinolupov and V. V. Sokolov, Func. Anal. Appl. 16 (1982) 317. 

[4] Y. Nakamura, H. Bailung and P. K. Shukla, Phys. Rev. Lett. 83 (1999) 1602; E. P. Raposo 
and D. Bazeia, Phys. Lett. A253 (1999) 151; G. Karch, Nonlinear Analysis: Theory Methods 
& Applications, 35 (1999)199; 

[5] S-d Liu and S-k Liu, Sincia Sinica, A 9 (1991) 938 (in Chinese); N. Antar, and H. Demiray, 
Int. J. Engineering Sci. 37 (1999) 1859. 



